Any singular level of a completely integrable system (c.i.s.) with non-degenerate singularities has a singular affine structure. We shall show how to construct a simple c.i.s. around the level, having the above affine structure. The cotangent bundle of the desingularised level is used to perform the construction, and the c.i.s. obtained looks like the simplest one associated to the affine structure.
Introduction
Let (M 2n , ω, F ) be a non-degenerate integrable system. This means that (M 2n , ω) is a symplectic manifold and F = (f 1 , ..., f n ) is a proper moment map, which is non-singular almost everywhere, and its singularities are of Morse-Bott type.
The R n -action generated by the Hamiltonian vector fields H f 1 , ..., H fn gives a singular Lagrangian foliation on (M 2n , ω). Any leaf is an orbit of this actions. At the same time, any connected component of F −1 (c) is a level. We know that the regular levels are n-dimensional tori and the singular levels are finite union of several leaves.
A semilocal classification of such integrable systems is still open. It consists in finding a complete system of invariants describing symplectically a neighborhood of a level. Some approaches to solve this question has been currently made, see [4] , [13] , [15] , [16] . As the local description of non-degenerate singularities is given in terms of products of elliptic, hyperbolic and focusfocus components, the number of elliptic, hyperbolic and focus-focus components at each point of the level will play an essential role in the classification problem.
As in the regular case, the Hamiltonian vector fields H f 1 , ..., H fn endow any leaf and any level with an affine structure with singularities. In studying the semi-local classification, we have seen that this affine structure gives strong conditions on the set of invariants found. Our proposal in this paper is to prove that this affine structure allows to the construction of a completely integrable system around a given level L 0 of (M 2n , ω, F ), such that the affine structure on L 0 is the given one. This construction looks like the simplest one with the given affine structure on L 0 .
As the "1-jet "of the former completely integrable system (c.i.s. from now on) and the one constructed in this way coincide, it takes sense to denote this c.i.s. as the linearized c.i.s. of the initial one.
The process of construction of the linearized c.i.s. indicates us a way to construct c.i.s. (in fact thew will be linearized completely integrable systems) with prescribed non-degenerate singularities along a given singular level. Some constructions are given.
I would like to express my gratitude to Pierre Molino for interesting and fruitful conversations on this subject.
2 Definition and basic properties.
Local expressions
Let (M 2n , ω, f 1 , ..., f n ) be an integrable system, i.e., (M 2n , ω) is a symplectic manifold. The functions f 1 , ..., f n are Poisson commuting (first integrals of a given Hamiltonian system), such that df 1 ∧ · · · ∧ df n = 0 on a dense subset of M 2n , and the moment map F :
Such an integrable system is said to be non-degenerate if, in a neighborhood of each point p 0 ∈ M 2n , there exist canonical coordinates (x 1 , y 1 , ..., x n , y n ), and n local functions h 1 , ..., h n , which have one of the following expressions:
(focus-focus terms)
such that:
1. f 1 , ..., f n Poisson commute with h 1 , ..., h n .
{j
f n } and {j
h n } generate the same space of 2-jets at p 0 . This notion of non-degeneracy implies obvious conditions on the space of 2-jets generated at each point by f 1 , ..., f n . Conversely, assuming these infinitesimal conditions, the existence of such adapted coordinates is an important result, due to H.Eliasson [9] . The demonstration has been completed by E.Miranda [13] and E.Miranda & V.N.San [14] . Adapted coordinates will be referred to as Eliasson coordinates, or simply E-coordinates.
Let L be the Lagrangian singular foliation associated to this c.i.s., i.e. the leaves of L are the orbits of the R n -action generated by H f 1 , ..., H fn .
From a practical point of view, one can locally regard at (M 2n , ω, L) as (R 2n , ω 0 , L 0 ), where ω 0 is the standard symplectic two-form on R 2n and L 0 is given by dh i = 0, i = 1, ..., n.
Let L 0 be a singular level, and p 0 a point of L 0 . By taking E-coordinates around p 0 we have the following characteristic numbers of the point p 0 : the numbers k e , k h and k f correspond to the number of elliptic, hyperbolic and focus-focus terms of the set (h 1 , ..., h n ). The leaf through p 0 is T c × R o , and the numbers c and o are called the degrees of closedness and openness of the leaf, respectively.
Following Zung (see [20] ), the 5-tuple (k e , k h , k f , c, o) is called the leaf-type and (k e , k h , k f ) the Williamson type of p 0 . In general one has k e + k h + 2k f + c + o = n. In [20] it is proved that the three numbers k e , k f + c, k h + k k + o, are invariants of each level. These numbers are known as the degrees of ellipticity, closedness and openness of the level.
Summarizing, one can say that a singular level L 0 is a compact (n − k e )-manifold, with self-intersections provided with a manifold structure of dimension less than (n − k e ). This level is endowed with a non-degenerate R n−ke -action. Non-degenerate action means that the isotropy of this action at each point is linearizable.
A we have proved (see [5] ) that a completely integrable system, wit k e = 0, is equivalent to a product of a standard elliptic model (with degree of ellipticity equal to k e ) with a c.i.s. with zero ellipticity degree, we will restrict our attention along this paper to the case k e = 0.
Desingularized level
We assume that on the singular level L 0 , with singular affine structure ∇ 0 , the degree of ellipticity vanishes. In order to give a construction of a "standard "c.i.s., such that L 0 is a singular level, and the induced singular affine structure on it coincides with ∇ 0 , we start by giving the construction of the so called desingularized level: 
where
We define the desingularized level,L 0 as the closure of ϕ(L r 0 ).
Proof: Let q be a point of ϕ(L r 0 ). As ϕ is an embedding, we have a ndimensional natural chart defined around q.
We know that there is a chart U in M 2n , with coordinates (x 1 , y 1 , ..., x n , y n ), centered at p, and L 0 ∩ U is given by h i = 0, i = 1, ..., n, where the functions h i are in the form of section 2.1. Let us have a look at the tangent space to L 0 at a point near to p: from the expressions of h i , we see
So, the tangent space at a point near to p will be:
In the case a)
in the case b)
. and in the case c)
[
So, in fact,there are 2 h+f possibilities for the class of the grassmannian
As the structure of the chart around any one of these points will be a product structure, it will be sufficient to show the differentiability in the hyperbolic and in the focus-focus case. Let us do it, for instance, in the focusfocus cases: we can consider that p = (0, 0, 0, 0) and
>], then the coordinates we take around (p, [V ] ) are (x j , x j+1 ).
One can check easily that with these charts, and the previous charts around the regular points, we have a structure of C ∞ -manifold onL 0 .
The map j : 3 The singular cotangent model
Affine structure on the desingularized level
The Poisson action of the local F -basic functions defines a singular affine structure ∇ 0 on L 0 . On each leaf of the level, the affine structure is defined by considering the infinitesimal generators of the R n -action as parallel vector fields. This R n -action can be lifted in a natural way toL 0 . Note that this lift is possible because the map j :L 0 −→ M 2n is an immersion. As the affine structure on L 0 is provided by the Hamiltonian vector fields H f 1 | L 0 = X 1 , ..., H fn | L 0 = X n it seems natural to write asX i , i = 1, ..., n, the vector fields onL 0 induced through the immersion j, and∇ 0 this affine structure.
By using the affine structure onL 0 we are going to construct a completely integrable system on (T * L 0 ,ω 0 ), whereω 0 is the standard symplectic twoform on T * L 0 , and such that the affine structure onL 0 , induced by this c.i.s. is∇ 0 .
As a last step, by a standard process of gluing, by using natural local identifications, we will obtain a c.i.s., such that L 0 is one level, and the affine structure on L 0 will be ∇ 0 .
A completely integrable system on T * L 0
We define n differentiable functions g 1 ,...,g n on T * L 0 by
.., g n )) is completely integrable. To do it, we need only to prove that {g i , g j }| 0 = 0. By a continuity argument, it will be sufficient to prove it at the points ((p, [V ]), −) ∈L 0 , where p is a regular point. We can take Eliasson coordinates (x 1 , y 1 , . .., x n , y n ) around the point p, and as any basic function only depends on (y 1 , ..., y n ) in a neighborhood of p, the expression of H f i in this neighborhood will be of the form n j=1
, i.e. is a vector fields with constant coefficients (which is obvious because the vector field is affine parallel).
Let α be the Liouville form on
Once we know that (T * L 0 ,ω 0 , (g 1 , ..., g n )) is completely integrable, we remark that, in general, is not proper: let us assume, for instance that dim.L 0 = 1, and let p be an hyperbolic point, we can write ω 0 = dx ∧ dy, and h = xy, then x = 0 is a leaf.
In order to have a proper completely integrable system around L 0 we have to define a gluing between points onL 0 which are projected, via j, to the same singular point on L 0 . As the singular composition of each point is, in fact, a product of hyperbolic and focus-focus components, we need show how this gluing is done in hyperbolic and focus-focus cases.
, where p ∈ L 0 is a purely hyperbolic point (degree of hyperbolicity equal to one). Then in Eliasson coordinates (x, y) around the point p, we may assume [
We take canonical coordinates in T * L 0 in two neighborhoods U 1 of (p, [V 1 ]), U 2 of (p, [V 2 ]), and we denote them by (x, y) and (X, Y ) respectively. Any basic function in these neighborhoods depends on xy and XY respectively, and the canonical symplectic two form is dx ∧ dy and dX ∧ dY respectively.
The symplectomorphism from U 1 onto U 2 , we are searching for, is expressed in these coordinates by X = −y, Y = x.
Focus-focus gluing:We can proceed in a similar way for two points (p, [
, in the preimage of a focus-focus point p ∈ L 0 . Regarding to Claim 2.1 one can consider
We take canonical coordinates in T * L 0 in two neighborhoods U 1 of (p, [V 1 ]) and U 2 of (p, [V 2 ]), and we denote them by (x 1 , x 2 , y 1 , y 2 ) and (
respectively. Any basic function in these neighborhoods depends on x 1 y 1 + x 2 y 2 , −y 1 x 2 + x 1 y 2 and
respectively. The symplectomorphism from U 1 to U 2 we need is given by:
The singular cotangent model
Once we have shown how to identify the neighborhoods of the points in the same preimage we get a germ of 2n-dimensional symplectic manifold (N, ω 0 ) containing L 0 as a singular Lagrangian submanifold. Now we check that the functions g i , i = 1, ..., n, can be projected to N. To do it, we must see that the functions g i remain invariant under the above defined identifications in the hyperbolic and the focus-focus cases.
In the hyperbolic case, we see that in the above defined neighborhood U 1 , any function g i is of the form y ∂h i ∂y (0), and a similar expression in U 2 . Having in mind the symplectomorphism Y = −x, X = y, one sees that h i is preserved.
For the focus-focus identification the proof is similar.
It is quite obvious from the given construction of (N, ω 0 , (g 1 , . .., g n ))that the singular affine structure on L 0 is the previous one.
Construction of c.i.s. with prescribed singularities
As a sort of application of the above considerations, let us point out how to give some c.i.s. with prescribed singularities, around a singular level. The intrinsic geometry of the level, i.e. the number and kind of singular points, is obviously related with the kind of singularities along its singular points.
We show how to obtain a c.i.s. around a 2-dimensional singular level with a focus-focus point and one circle of hyperbolic points:
Let us consider the 2-sphere S 2 . This manifold S 2 will play the role of L 0 of the above sections. We shall consider T * S 2 and two vector fields, with singularities, which will be used to define two functions on T * S 2 . These functions have singularities at several points, and by furnishing the gluings at the corresponding singular points, we will get the c.i.s. around the singular level. . We have to give a "good"expression for h(ϕ), obviously we take h(− 
)
One sees from this construction that the same arguments can serve to give c.i.s. with several points of focus-focus type; it should be necessary to use different copies of S 2 and define a gluing by using the poles alternatively. The above construction suggests different ways of having circles of hyperbolic points in the level.
